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THE DONALDSON-THOMAS PARTITION FUNCTION OF THE
BANANA MANIFOLD
JIM BRYAN, APPENDIX WITH STEPHEN PIETROMONACO
ABSTRACT. A banana manifold is a compact Calabi-Yau threefold, fibered by
Abelian surfaces, whose singular fibers have a singular locus given by a “banana
configuration of curves”. A basic example is given by Xban := Bl∆(S ×P1 S),
the blowup along the diagonal of the fibered product of a generic rational elliptic
surface S → P1 with itself.
In this paper we give a closed formula for the Donaldson-Thomas partition
function of the banana manifold Xban restricted to the 3-dimensional lattice Γ
of curve classes supported in the fibers ofXban → P
1. It is given by
ZΓ(Xban) =
∏
d1,d2,d3≥0
∏
k
(
1− pkQd11 Q
d2
2 Q
d3
3
)−12c(||d||,k)
where ||d|| = 2d1d2 + 2d2d3 + 2d3d1 − d
2
1 − d
2
2 − d
2
3, and the coefficients
c(a, k) have a generating function given by an explicit ratio of theta functions.
This formula has interesting properties and is closely related to the equivariant
elliptic genera of Hilb(C2). In an appendix with S. Pietromonaco, it is shown
that the corresponding genus g Gromov-Witten potential Fg is a genus 2 Siegel
modular form of weight 2g − 2 for g ≥ 2, namely it is the Skoruppa-Maass lift
of a multiple of an Eisenstein series, namely
6|B2g |
g(2g−2)!E2g(τ).
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1. INTRODUCTION
1.1. Donaldson-Thomas invariants. The Donaldson-Thomas invariants of a Calabi-
Yau threefoldX encode subtle information about the enumerative geometry ofX .
They are a mathematical incarnation of counts of BPS states in B-model topolog-
ical string theory compactified on X .
Let X be a Calabi-Yau threefold, that is a smooth complex threefold with
trivial canonical class. Let β ∈ H2(X,Z) be a curve class, let n ∈ Z, and let
Hilbβ,n(X) = {Z ⊂ X : [Z] = β, χ(OZ) = n}
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be the Hilbert scheme parameterizing dimension one subschemes in the class β
and having holomorphic Euler characteristic n. The Donaldson-Thomas invariant
DTβ,n(X) can be defined [3] as a weighted Euler characteristic of the Hilbert
scheme:
DTβ,n(X) = e
(
Hilbβ,n(X), ν
)
:=
∑
k∈Z
k · e
(
ν−1(k)
)
where e(·) is topological Euler characteristic and
ν : Hilbβ,n(X)→ Z
is Behrend’s constructible function. One can regard DTβ,n(X) as a virtual count
of the number of curves in the class β with Euler characteristic n.
The Donaldson-Thomas partition function is a generating function for the in-
variants which we define1 as
Z (X) =
∑
β∈H2(X,Z)
∑
n∈Z
DTβ,n(X)Q
β(−p)n.
Here Qβ = Qd11 · · ·Q
dr
r where β = d1C1 + · · ·+ drCr and {C1, . . . , Cr} is a
basis for H2(X,Z) chosen so that di ≥ 0 for all effective curve classes. Z (X) is
then a formal power series in Q1, . . . , Qr whose coefficients are formal Laurent
series in p.
The Donaldson-Thomas partition function is very hard to compute:
Currently, there is not a single compact Calabi-Yau threefold X for which
Z (X) is completely known, not even conjecturally2.
Given some sublattice Γ ⊂ H2(X,Z), we can define a restricted partition
function:
ZΓ(X) =
∑
β∈Γ
∑
n∈Z
DTβ,n(X)Q
β(−p)n.
1Our insertion of a minus sign is somewhat non-standard.
2Strictly speaking, we do know (for elementary reasons) that Z (X) = 1 whenX is an Abelian
threefold, a product of aK3 surface and an elliptic curve, or any other threefold with a free action
by an Abelian variety. There is a modification of the Donaldson-Thomas invariants which is non-
trivial in those cases, and for Abelian threefolds, we do have a complete, but conjectural, answer
for the partiton function of the modified invariants [12].
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FIGURE 1. The banana manifoldXban = Bl(S ×P1 S).
Even for restricted partition functions, there are very few results for compact
X . For elliptic or K3 fibrations π : X → B, the restricted partition functions
ZΓ(X) have been computed for Γ = Ker(π∗ : H2(X) → H2(B)), i.e. fiber
classes, by Toda [37, Thm 6.9] in the case of elliptic fibrations and Maulik, Pand-
haripande, and Thomas [29, 33] in the case of K3 fibrations. In the case of K3
fibrations, the partition functions exhibit modularity properties.
In this paper we compute ZΓ(X) where X is a certain kind of Calabi-Yau
threefold (a banana manifold) and Γ is a rank 3 lattice. We give an explicit prod-
uct formula for ZΓ(X), we derive a generating function for the corresponding
Gopakumar-Vafa invariants, and we show (assuming the GW/DT correspondence)
that the associated Gromov-Witten potentials are Siegel modular forms.
1.2. Banana manifolds and their partition functions. We study a class of com-
pact Calabi-Yau threefolds which we call banana manifolds. The basic example,
which we denote Xban, is defined as follows
3.
Definition 1. Let S → P1 be a generic rational elliptic surface. Let
Xban = Bl∆ (S ×P1 S)
be the fibered product of S with itself blown up along the diagonal ∆. See Fig-
ure 1.
3 Essentially this construction of the bananamanifold is mentioned briefly in [23, End of section
5.2]; we learned about this from Georg Oberdieck.
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FIGURE 2. The banana configuration of P1’s.
The map S → P1 is singular at 12 points which gives rise to 12 conifold
singularities in the fibered product which all lie on the divisor ∆. Consequently,
Xban is a conifold resolution of S ×P1 S. Xban is a simply connected, compact
Calabi-Yau threefold with Hodge numbers h1,1(Xban) = 20 and h
1,2(Xban) = 8
(see § 5).
The generic fiber of π : Xban → P
1 is E × E, the product of an elliptic curve
with itself and π has 12 singular fibers which are non-normal toric surfaces, Fsing,
each of which is a compactification of C∗×C∗ by a banana configuration of P1’s.
Definition 2. A banana configuration4 in a Calabi-Yau threefold X is a union
C = C1 ∪ C2 ∪ C3 of three curves Ci ∼= P
1 with NCi/X
∼= O(−1) ⊕ O(−1) and
such that C1 ∩ C2 = C2 ∩ C3 = C3 ∩ C1 = {p, q} where p, q ∈ X are distinct
points. Moreover, there exist coordinates on formal neighborhoods of p and q
such that the curves Ci are given by the coordinate axes in those coordinates. See
figure 2; the meaning of the picture on the right is discussed in section 3.5.
The banana curves C1, C2, C3 of any of the singular fibers generate
Γ = Ker π∗ ⊂ H2(Xban,Z),
the lattice of the fiber classes (Lemma 29). Let
βd = d1C1 + d2C2 + d3C3
4The SYZ mirror of this configuration was studied by Abouzaid, Auroux, and Katzarkov in
[1]. The banana configuration also appears in the Landau-Ginzburg mirror of a genus two curve
as studied by Gross, Katzarkov, and Ruddat in [18] and Ruddat in [36].
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and define
||d|| = 2d1d2 + 2d2d3 + 2d3d1 − d
2
1 − d
2
2 − d
2
3.
This quadratic form is twice the intersection form of a smoth fiber, by which we
mean that if βd is represented by a cycle C supported on a smooth fiber, then
||d|| = 2C · C where C · C is the self-intersection of C in the smooth fiber.
We define banana manifolds in general as follows.
Definition 3. We say that a compact Calabi-Yau threefoldX is a banana manifold
withN banana fibers if there is an Abelian surface fibration π : X → P1 where the
singular locus of π consists of N disjoint banana configurations and the smooth
locus of π is an Abelian group scheme over P1 whose natural action on itself
extends to an action on X (see [13] for examples of rigid Banana manifolds).
Our main theorem is the following:
Theorem 4. Let Xban be the basic banana manifold and let Γ = Kerπ∗ ∼= Z
3
where π : Xban → P
1. Then the Donaldson-Thomas partition function of Xban,
restricted to Γ is given by
ZΓ(Xban) =
∏
d1,d2,d3≥0
∏
k
(
1− pkQd11 Q
d2
2 Q
d3
3
)−12c(||d||,k)
where the second product is over all k ∈ Z unless (d1, d2, d3) = (0, 0, 0) in which
case k > 0, and where the c(||d||, k) are positive integers given by
∞∑
a=−1
∑
k∈Z
c(a, k)Qayk =
∑
k∈ZQ
k2(−y)k(∑
k∈Z+ 1
2
Q2k2(−y)k
)2 = ϑ4(2τ, z)ϑ1(4τ, z)2
where ϑ4 and ϑ1 are the usual theta functions
5 with Q = e2piiτ and y = e2piiz.
Remark 5. While we have formulated the Theorem for the basic banana manifold,
our proof will work for banana manifolds in general, where the 12 in the exponent
on the right hand side will be replaced byN , the number of banana configurations.
Remark 6. The coefficients c(a, k) are also the coefficients of the equivariant
elliptic genus of the plane C2, see § 2. We also note that the right hand side of the
above equation, is a meromorphic Jacobi form of weight −1
2
and index -1 for the
group Γ(4).
5Following the conventions from Wolfram Alpha’s Jacobi Theta Function page.
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Corollary 7 (Pietromonaco). Assuming the Gromov-Witten/Donaldson-Thomas
correspondence holds for a banana manifold X , the genus g Gromov-Witten po-
tential function Fg(Q1, Q2, Q3) is a meromorphic Siegel modular form of weight
2g − 2 for all g ≥ 2 where Q1 = e
2piiz, Q2 = e
2pii(τ−z), Q3 = e
2pii(σ−z), and
where ( τ zz σ ) ∈ H2 is in the genus 2 Siegel upper half plane. Namely, Fg is given
by the Skoruppa-Maass lift of agE2g(τ), the 2g-th Eisenstein series multiplied by
the constant ag =
6|B2g|
g(2g−2)!
. See Appendix A for full definitions of the terms.
This corollary has a natural interpretation in terms of mirror symmetry, see
Remark 35.
Our Theorem 4 also completely determines the Gopakumar-Vafa invariants of
the banana manifold. One corollary is:
Corollary 8. The Gopakumar-Vafa invariants ofXban in the class βd only depend
on ||d||. We thus streamline the notation by writing
ngβd(Xban) = n
g
a(Xban) where a = ||d||.
The property that ngβd(Xban) only depends on ||d|| and so in particular the
invariants are independent of the divisibility of βd, is an unusual property ofXban
which is also shared by the local K3 surface by a deep result of Pandharipande-
Thomas [33].
We can reformulate our main result in terms of the Gopakumar-Vafa invari-
ants. After some manipulation of generating functions (see § 2 and § 6) we can
deduce:
Theorem 9. The Gopakumar-Vafa invariantsngβd(Xban) = n
g
a(Xban) in the classes
βd with ||d|| = a are given by
∞∑
a=−1
∑
g≥0
nga(Xban)
(
y
1
2 + y−
1
2
)2g
Qa+1 = 12
∞∏
n=1
(1 + yQ2n−1)(1 + y−1Q2n−1)(1−Q2n)
(1 + yQ4n)2(1 + y−1Q4n)2(1−Q4n)2
.
It is interesting to compare the above formula to the analogous result for the
local K3 surface, namely the Katz-Klemm-Vafa formula:
Theorem 10 (Pandharipande-Thomas[33]). The Gopakumar-Vafa invariantsngβ(K3) =
nga(K3) in the class β with β
2/2 = a are given by
∞∑
a=−1
∑
g≥0
nga(K3)
(
y
1
2 + y−
1
2
)2g
Qa+1 =
∞∏
n=1
1
(1 + yQn)2(1 + y−1Qn)2(1−Qn)20
.
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Note that the right hand side of the above equation, after the substitution
Q = −yq, is equal to
∑
n χy(Hilb
n(K3))qn, the generating function for the χy-
genus of the Hilbert schemes of points on K3. It would be interesting to find an
analogous interpretation of the right hand side of the equation in Theorem 9.
See § A for a table of nga(Xban) for small values of a and g.
2. THE COEFFICIENTS c(a, k) AND THE ELLIPTIC GENERA OF Hilb(C2).
Let M be a compact complex manifold of dimension d and let x1, . . . , xd be
the Chern roots of TM . Then the elliptic genus is defined by
Ellq,y(M) =
∫
M
d∏
j=1
xjy
− 1
2
∞∏
n=1
(1− ye−xjqn−1) (1− y−1exjqn)
(1− e−xjqn−1) (1− exjqn)
.
IfM has a C∗ action with isolated fixed points, then by Atiyah-Bott localiza-
tion we get
(1) Ellq,y(M) =
∑
p∈MC∗
d∏
j=1
y−
1
2
∞∏
n=1
(
1− yt−kj(p)qn−1
) (
1− y−1tkj(p)qn
)(
1− t−kj(p)qn−1
) (
1− tkj(p)qn
)
where k1(p), . . . , kd(p) ∈ Z are the weights of the C
∗ action on TpM .
If M is non-compact, we take equation (1) to be the definition of the elliptic
genus Ellq,y(M, t) which then may depend on t, the equivariant parameter
6.
It is convenient to rewrite this expression in terms of the Fourier expansion of
the theta function θ1. Let q = exp (2πiτ) and y = exp (2πiz), then θ1(q, y) is
given by
θ1(q, y) =−
∑
k∈Z+ 1
2
q
k2
2 (−y)k
=− iq
1
8 y−
1
2
∞∏
n=1
(1− qn)(1− yqn−1)(1− y−1qn).
Then equation (1) becomes
Ellq,y(M, t) =
∑
p∈MC∗
d∏
j=1
θ1(q, yt
−kj(p))
θ1(q, t−kj(p))
6The parameter t ∈ H∗
C∗
(pt) is the Chern character of the universal line bundle so t = ec1
where c1 ∈ H
2
C∗
(pt) is an integral generator.
THE DONALDSON-THOMAS PARTITION FUNCTION OF THE BANANA MANIFOLD 9
For example, if we let C∗ act on C2 with weights ±1, then the induced action
of C∗ on Hilbm(C2) has isolated fixed points corresponding to monomial ideals
which are in bijective correspondence with integer partitions of m. The tangent
weights associated to a partition R are given by {±hj,k} where hj,k = hj,k(R) is
the hook length of the box in position (j, k) in the diagram of R (see § 4.2 for this
notation). Thus
(2)
∞∑
m=0
Ellq,y(Hilb
m(C2), t)Qm =
∑
R
Q|R|
∏
(j,k)∈R
θ1(q, yt
−hj,k)θ1(q, yt
hj,k)
θ1(q, t−hj,k)θ1(q, thj,k)
.
Dijkgraaf-Moore-Verlinde-Verlinde conjectured [15] that
∞∑
m=0
Ellq,y(Hilb
m(C2), t)Qm =
∞∑
m=0
Ellorbq,y (Sym
m(C2), t)Qm
where Ellorbq,y (Sym
m(C2), t) is the orbifold elliptic genera of Symm(C2). This is
a special case of the crepant resolution conjecture for equivariant elliptic genera
which was proven by Waelder [38, Thm 12] based on the non-equivariant case
proven by Borisov-Libgobner [7]. The right hand side of the DMVV conjecture
is easy to compute; consequently, Waelder’s result leads to the following formula:
Theorem 11 (Waelder).
∞∑
m=0
Ellq,y(Hilb
m(C2), t)Qm =
∞∏
m=1
∞∏
n=0
∏
l,k∈Z
(
1− tkqnylQm
)−c(nm,l,k)
where the coefficients c(n, l, k) are defined by
Ellq,y(C
2, t) =
θ1(q, yt)θ1(q, yt
−1)
θ1(q, t)θ1(q, t−1)
=
∞∑
n=0
∑
k,l∈Z
c(n, l, k)qnyltk.
We prove the following result about the coefficients c(n, l, k).
Proposition 12. Let
Ellq,y(C
2, t) =
∞∑
n=0
∑
l,k∈Z
c(n, l, k)qnyltk.
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Then c(n, l, k) only depends on the pair (4n− l2, k). Writing
c(n, l, k) = c(4n− l2, k)
we have c(a, k) = 0 if a < −1 and
∞∑
a=−1
∑
k∈Z
c(a, k)Qatk =
∑
k∈ZQ
k2(−t)k(∑
k∈Z+ 1
2
Q2k2(−t)k
)2 = θ4(Q2, t)θ1(Q4, t)2 .
Examining the first two terms in the Q expansion we get the following easy
corollary:
Corollary 13. The coefficients c(a, k) for a = −1, 0 are given by
c(−1, k) =
{
0, −k ≤ 0
−k, k > 0
c(0, k) =

0, k < 0
1, k = 0
2k, k > 0
Applying the Jacobi triple product identity, we also get the following corollary.
Corollary 14.
∞∑
a=−1
∑
k∈Z
c(a, k)Qa+1tk =
−t
(1− t)2
∞∏
n=1
(1−Q2n)(1− tQ2n−1)(1− t−1Q2n−1)
(1−Q4n)2(1− tQ4n)2(1− t−1Q4n)2
2.1. Proof of Proposition 12. From the product formula for θ1(q, t) and the fact
that θ1(q, t
−1) = −θ1(q, t), we see we may write
θ1(q, t)
−1θ1(q, t
−1)−1 = −θ1(q, t)
−2 = q−
1
4
t
(1− t)2
∞∑
i=0
δi(t)q
i
where δ0 = 1 and δi(t) ∈ Z[t, t
−1]. Then
Ellq,y(C
2, t) = q−
1
4
t
(1− t)2
∞∑
i=0
δi(t)q
i
∑
n,m∈Z
q
1
2
(n+ 1
2
)2+ 1
2
(m+ 1
2
)2(−yt)n+
1
2 (−yt−1)m+
1
2 .
If we let l = m + n + 1 and b = n −m and we note that then l ≡ b + 1 mod 2
and 1
2
(n+ 1
2
)2 + 1
2
(m+ 1
2
)2 = 1
4
(l2 + b2) we get
Ellq,y(C
2, t) =
−t
(1− t)2
∞∑
i=0
δi(t)q
i
∑
l,b∈Z
l≡b+1 mod 2
q
1
4
(l2+b2−1)yl(−t)b
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The terms with qnyl in the above sum occur when n = i+ 1
4
(l2+ b2− 1) and thus
when 4n− l2 = 4i+ b2− 1 ≥ −1. Therefore the qnyl coefficient of Ell(q,y)(C
2, t)
only depends on a = 4n− l2 and is zero if a < −1:
Coefqnyl
[
Ell(q,y)(C
2, t)
]
=
∑
k∈Z
c(n, l, k)tk
=
∑
k∈Z
c(4n− l2, k)tk
where
∞∑
a=−1
∑
k∈Z
c(a, k)Qatk =
−t
(1− t)2
∞∑
i=0
∑
b∈Z
Q4i+b
2−1(−t)bδi(t)
=
−tQ−1
(1− t)2
∞∑
i=0
δi(t)Q
4i
∑
b∈Z
Qb
2
(−t)b
= θ1(Q
4, t)−2
∑
b∈Z
Qb
2
(−t)b
=
∑
k∈ZQ
k2(−t)k(∑
k∈Z+ 1
2
Q2k2(−t)k
)2 .

3. COMPUTING THE PARTITION FUNCTION
3.1. Overview. Our basic strategy for computing the partition function ZΓ(Xban)
is to stratify the Hilbert scheme, where each strata parameterizes subschemes sup-
ported on a prescribed set of fibers of the map π : X → P1. Each stratum admits
an action by the Mordell-Weil group of sections on an infinitesimal neighborhood
of a fiber.
We use these group actions to reduce the ν-weighted Euler characteristic com-
putation to the fixed point set of the group actions. The fixed points correspond to
subschemes which are supported on an infinitesimal neighborhood of the banana
configurations and which are formally locally given by monomial ideals. We can
count these fixed points (weighted by ν) using a technique adapted from [28] to
our setting. The outcome is an expression for the partition function in terms of the
topological vertex.
The vertex expression we get has essentially been computed in the physics
literature. The bulk of the computation is done by Hollowood, Iqbal, and Vafa
12 JIM BRYAN
[19] using geometric engineering. Their derivation requires a certain geomet-
rically motivated combinatorial conjecture. The conjecture was a special case
of the Equivariant Crepant Resolution Conjecture for Elliptic Genera (also called
the equivariant DMVV conjecture after Dijkgraaf-Moore-Verlinde-Verlinde [15]),
which was subsequently proven by Borisov-Libgobner and Waelder [7, 38] using
motivic integration. We present a mathematically self-contained version of the
Hollowood-Iqbal-Vafa derivation in § 4.
3.2. Preliminaries on Notation and Euler Characteristics. For any scheme Y
over C, let e(Y ) be the topological Euler characteristic of Y in the complex an-
alytic topology. Note that Euler characteristic is independent of any nilpotent
structures, i.e. e(Y ) = e(Yred).
For any constructible function µ : Y → Z, let
e(Y, µ) =
∑
k∈Z
k · e(µ−1(k))
be the µ-weighted Euler characteristic of Y .
We will need the following standard facts about Euler characterisitics.
• Euler characteristic defines a ring homomorphism e : K0(VarC)→ Z, i.e.
it is additive under the decomposition of a scheme into an open set and its
complement, and it is multiplicative on Cartesian products.
• For any constructible morphism7 f : Y → Z we have (see [27])
(3) e(Y, µ) = e(Z, f∗µ)
where f∗µ is the constructible function given by
(f∗µ)(x) = e(f
−1(x), µ).
• If C∗ acts on a scheme Y with fixed point locus Y C
∗
⊂ Y , then (see [5])
e(Y ) = e(Y C
∗
).
We will also use the following
7A constructible morphism is a map which is regular on each piece of a decomposition of its
domain into locally closed subsets.
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Lemma 15. LetG be an algebraic group acting on V , a scheme (of finite type over
C). Let µ be aG-invariant constructible function on V . Suppose that eachG-orbit
has zero Euler characteristic, i.e. e(Ox) = 0 for all x ∈ V . Then e(V, µ) = 0.
Proof. By a theorem of Rosenlicht [35, Thm 2], we have that for the action of
any algebraic group G on any variety V , there is a dense open set U ⊂ V and a
morphism τ : U → W to a varietyW , such that for all x ∈ U , τ−1(x) is aG-orbit.
By iteratively applying the same theorem to V \ U , we obtain a locally closed G-
equivariant stratification V = ∪αUα such that the G-action on each strata has a
geometric quotient
τα : Uα →Wα .
Suppose that every G-orbit has zero Euler characterisic, e(Ox) = 0. Let µ be a
G-invariant constructible function on V , then
e(V, µ) =
∑
α
e(Uα, µ)
=
∑
α
e(Wα, (τα)∗(µ))
=
∑
α
e(Wα, 0)
= 0.
This proves the lemma in the case where V is a variety. For V a general scheme
of finite type over C, we can easily construct a G-equivariant stratification of the
reduced space of V
Vred = V1 ∪ · · · ∪ VN
such that each strata Vi is a variety. Then
e(V, µ) = e(Vred, µ) =
N∑
i=1
e(Vi, µ) = 0.

We will use the notation
Hilb•(Xban) =
∑
d,n
Hilbβd ,n(Xban)Q
d1
1 Q
d2
2 Q
d3
3 (−p)
n
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where we regard the right hand side as a formal series in Q1, Q2, Q3, Laurent
in p, having coefficients in K0(VarC), the Grothendieck group of varieties
8. We
extend the operations in the Grothendieck group (addition, multiplication, and
Euler characteristic) to the series in the obvious way. So for example, in this
notation, the partition function is given by:
ZΓ(Xban) = e (Hilb
•(Xban), ν) .
We will apply the above notation more generally. Whenever we have any col-
lection {Ad,n} elements of a set (for example Z or K0(VarC)) indexed by (d, n),
we will write:
A• =
∑
d,n
Ad,nQd11 Q
d2
2 Q
d3
3 (−p)
n.
3.3. Pushing forward the ν-weighted Euler characteristic measure. Let
Confk P1 = Symk P1 \∆
be the configuration space of k unordered, distinct points in P1, i.e. the kth sym-
metric product of P1 with the big diagonal deleted. Let
Conf P1 =
⋃
k
Confk P1.
We define a constructible morphism by
ρd,n : Hilbβd ,n(Xban)→ Conf P
1
Z 7→ Supp(π∗OZ)
Then using equation (3) and our bullet notation, we have
ZΓ(Xban) = e (Hilb
•(Xban), ν)
= e
(
Conf P1, ρ•∗ν
)
.
Note that the constructible function ρ•∗ν takes values in Z[[Q1, Q2, Q3]]((p)).
8We note that Hilb0,0(Xban) is a single point corresponding to the empty subscheme. Thus the
constant term of the series Hilb•(Xban) is 1.
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3.4. Subschemes supported in an infinitesimal neighborhood of a fiber. From
here on out, we will write X for Xban for the sake of brevity when there is no
ambiguity. We will also suppress the superscripts β, n when they are understood
and/or unimportant.
Definition 16. Let Fy be the fiber of π : X → P
1 over y ∈ P1. Let F
(k)
y be the
k-order infinitesimal neighborhood of Fy inX and let F̂y be the formal neighbor-
hood of Fy inX . We define
Hilb(F̂y) ⊂ Hilb(X)
to be the locally closed subscheme of Hilb(X) parameterizing subschemes Z ⊂
X supported on F̂y, i.e. subschemes which are set theoretically, but necessarily
scheme theoretically, supported in Fy. Finally, we define
Ĥilb(F̂y)
to be the formal neighborhood of Hilb(F̂y) in Hilb(X).
The value of the Behrend function ν : Hilb(X) → Z at a point only de-
pends on the formal neighborhood of that point [22] inside the Hilbert scheme.
Therefore ν restricted toHilb(F̂y) is completely determined by the formal scheme
Ĥilb(F̂y).
Remark 17. The closed points of Hilb(F̂y) and Ĥilb(F̂y) are of course the same;
they correspond to subschemes Z ⊂ X such that Zred ⊂ Fy. However, Hilb(F̂y)
and Ĥilb(F̂y) classify different families of subschemes. For example, the infin-
itesimal deformations of Z parameterized by Hilb(F̂y) must preserve the closed
condition Zred ⊂ Fy, whereas Ĥilb(F̂y) includes all infinitesimal deformations of
Z, even those which (infinitesimally) violate the condition Zred ⊂ X .
3.5. Mordell-Weil groups and actions on Hilb(F̂y). Let
X◦ =
{
x ∈ X such that π : X → P1 is smooth at x
}
.
In other words, X◦ is X with the 12 banana configurations removed. Then, after
fixing a section s0 : P
1 → X◦,
π◦ : X◦ → P1
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has the structure of an Abelian group scheme over P1. Let F ◦y = X
◦ ∩ Fy be the
group of the fiber over y. Let
{x1, . . . , x12} ⊂ P
1
be the points with singular fiber. Then for y 6∈ {x1, . . . x12}, F
◦
y
∼= E × E, where
E is an elliptic curve, and for y ∈ {x1, . . . , x12}, F
◦
y
∼= C∗ × C∗.
Definition 18. Let π◦ : X◦B → B and π : XB → B denote the B-schemes
obtained from X◦ and X by some base change B → P1. We define MW(B) be
the Mordell-Weil group of sections of π0 over B.
If B → SpecC is finite, thenMW(B) is the Weil restriction of X◦B → B with
respect to B → SpecC and is thus an algebraic group over C, see [8, §7 Thm 4].
We get an action of MW(B) on XB defined as follows (c.f. [8, §7 Thm 6]).
The group scheme structure morphismX◦B ×B X
◦
B → X
◦
B extends (see [14]) to a
morphism
X◦B ×B XB XB.
+
We define theMW(B) action onXB by the composition
MW(B)×XB X
◦
B ×B XB XB
φ +
where φ = (ev ◦ (Id× π), prXB),
ev : MW(B)×B → XB
is the tautological evaluation map (s, y) 7→ s(y), and
prXB : MW(B)×XB → XB
is projection. φ is well defined because π ◦ ev ◦ (Id× π) = π ◦ prXB .
Concretely, if x ∈ XB is a point then the action of s on x is given by transla-
tion: (s, x) 7→ s(π(x)) + x.
Let ∆
(k)
y ⊂ P1 be the kth order thickening of y ∈ P1. Since
∆(k)y
∼= SpecC[ǫ]/ǫk+1 → SpecC
is finite, MW(∆
(k)
y ) is an algebraic group. Restriction of a section to the closed
fiber expresses MW(∆
(k)
y ) as an extension of F ◦y by a vector group of some di-
mensionD = D(k):
(4) 0 CD MW(∆
(k)
y ) F ◦y 0
r
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We write F
(k)
k for X∆(k)y , i.e. the kth order thickening of the fiber Fy. The
action ofMW(∆
(k)
y ) on F
(k)
y is compatible with the restriction homomorphisms
MW(∆(k+1)y )→ MW(∆
(k)
y )
and the inclusions
F (k)y ⊂ F
(k+1)
y .
Let
MW(∞)y = lim←
k
MW(∆(k)y )
be the inverse limit group. Then by construction, MW(∞)y acts on F̂y, and this
induces an action ofMW(∞)y on Hilb(F̂y) and on Ĥilb(F̂y). Note that
Hilbβ,n(F̂y) ⊂ Hilb
β,n(F (N)y )
for some large N = N(β, n) which depends on β and n. Therefore, Hilbβ,n(F̂y)
is acted on by the algebraic groupMW(∆
(N)
y ). However,MW(∆
(N)
y ) does not act
on Ĥilb
β,n
(F̂y) since this includes all infinitesimal deformations of any Z ⊂ F̂y,
which can involve finite neighborhoods of arbitrarily big orders. Thus only the
pro-algebraic groupMW(∞)y acts on Ĥilb
β,n
(F̂y).
Since the Behrend function ν : Hilb(F̂y)→ Z is determined by Ĥilb(F̂y), the
action ofMW(∞)y must preserve ν. Consequently we have:
Lemma 19. The Behrend function ν is invariant under the action of MW(∆
(N)
y )
on Hilbβ,n(F̂y).
In general, we do not know if the sequence (4) splits. However, if Fy is a
singular fiber so that F ◦y
∼= C∗ × C∗, then (4) must split:
0 CD MW(∆
(k)
y ) C∗ × C∗ 1r
because then MW(∆
(k)
y ) is an affine commutative algebraic group over C and
hence a product of a torus and a vector space group. Consequently, we have the
following
Lemma 20. The group C∗ × C∗ acts on Hilb(F̂sing) where F̂sing is any singular
fiber. Moreover, the action extends to Ĥilb(F̂sing) and thus it preserves the Behrend
function ν.
18 JIM BRYAN
3.6. Reduction of the computation to the singular fibers.
Lemma 21. Let Fy be a smooth fiber, then
e(Hilb(F̂y), ν) = 0.
Proof. By Lemma 19, MW = MW(∆
N(β,n)
y ) acts on Hilb
βd ,n(F̂y) preserving ν.
Moreover, the action is fixed point free since the group MW acts transitively on
F̂y. Let Stabx be the MW-stabilizer of x ∈ Hilb(F̂y) and let Zx ⊂ F̂y be the
subscheme corresponding to x. Then the image r(Stabx) is a proper subgroup of
Fy since there is some element in Fy which does not preserve Supp(Zx). Then the
orbit of x, Ox = MW/ Stabx is an Abelian group fiting into the following exact
sequence
0 −→
CD
Stabx ∩ CD
−→ Ox −→
Fy
r(Stabx)
−→ 0.
Therefore,Ox is given as the total space of a smooth fibration with baseFy/r(Stabx),
a positive dimensional Abelian variety. It follows that e(Ox) = 0. We then can
apply Lemma 15 withG = MW, V = Hilb(F̂y), and µ = ν to complete the proof.

Recall that ZΓ(X) = e(Conf P
1, ρ•∗ν). To compute ρ
•
∗ν, we note that the
preimage
(ρ•)−1({y1, . . . , yk}) = Hilb
•(F̂y1 ∪ · · · ∪ F̂yk)
=
k∏
i=1
Hilb•(F̂yi)
where the product takes place in the ringK0(VarC)[[Q1, Q2, Q3]]((p)).
Lemma 21 implies that
(ρ•∗ν)({y1, . . . , yk}) = 0 if {y1, . . . , yk} 6⊂ {x1, . . . , x12}
where Fx1 , . . . , Fx12 are the 12 singular fibers.
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In other words, we have shown that the constructible function ρ∗•ν is supported
on Conf({x1, . . . , x12}) ⊂ Conf P
1. Therefore
ZΓ(X) = e(Conf P
1, ν)
= e(Conf({x1, . . . , x12}), ρ
∗
•)
= e(Hilb•(F̂x1 ∪ · · · ∪ F̂x12), ν)
=
12∏
i=1
e(Hilb•(F̂xi), ν).
Since all the formal neighborhoods F̂xi are isomorphic, we will write F̂ban for this
formal scheme, i.e. the formal neighborhood of Fban, a fiber containing a banana
configuration. In conclusion we have
(5) ZΓ(Xban) = e
(
Ĥilb
•
(F̂ban), ν
)12
.
Note that here ν is the restriction of the Behrend function onHilb(X) toHilb(F̂ban),
but since this is determined by Ĥilb(F̂ban), we may regard ν as the Behrend func-
tion of the formal scheme Ĥilb(F̂ban). We will write
Z (F̂ban) = e
(
Ĥilb
•
(F̂ban), ν
)
.
Remark 22. For more general banana manifolds, the same proof shows that equa-
tion 5 holds with the 12 replaced by N , the number of singular fibers (i.e. the
number of banana configurations).
3.7. Reduction to C∗ ×C∗-fixed subschemes. The C∗ ×C∗ action on F̂ban pre-
serves the canonical class by construction. In particular, the action of C∗ × C∗
is compatible with the symmetric obstruction theory [4] of Hilb(X), restricted to
Ĥilb(X). We note that in order to work in this formal setting, we must use the
symmetric obstruction theory associated to the formal moduli space (defined by
Jiang in [22]). The result of Behrend and Fantechi [4] is that for an isolated fixed
point P ∈ Ĥilb(F̂ban), the value of the Behrend function is given by
ν(P ) = (−1)dimTP
where
TP = TP Ĥilb(F̂ban)
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is the Zariski tangent space of P ∈ Ĥilb(F̂ban). We note that
TP = Ext
1
0(IZP , IZP )
where ZP is the subscheme associated to P (see [28]).
We will see that the fixed points of the action are isolated. It then follows that
Z (F̂ban) = e
(
Ĥilb
•
(F̂ban), ν
)
= e
(
Ĥilb
•
(F̂ban)
C∗×C∗ , ν
)
=
∑
P∈Ĥilb(F̂ban)C
∗×C∗
(−1)dimTPQ
d1(P )
1 Q
d2(P )
2 Q
d3(P )
3 (−p)
χ(OZP )
where di(P ) is defined by:
[ZP ] = d1(P )C1 + d2(P )C2 + d3(P )C3.
Proposition 23. The C∗ × C∗ fixed points P ∈ Ĥilb(F̂ban)
C∗×C∗ are isolated and
the fixed point set is in bijective correspondence with the set {R1, R2, R3, π1, π2}
where R1, R2, R3 is a triple of 2D partitions and π1, π2 is a pair of 3D partitions
asymptotic to (R1, R2, R3) and (R
′
1, R
′
2, R
′
3) respectively
9. Moreover, the discrete
invariants of the corresponding subscheme are given by
di(P ) = |Ri|
χ(OZP ) = |π1|+ |π2|+
1
2
3∑
i=1
||Ri||
2 + ||R′i||
2
(−1)dimTP = (−1)χ(OZP )+|R1|+|R2|+|R3|
where |Ri| is the size of a partition, |πi| is the normalized volume [11, 31], and
||Ri||
2 denotes the sum of the squares of the parts (c.f. § 4).
This proposition will be proved in the next section, but we first use it to finish
the computation Z(F̂ban). First recall that the topological vertex is defined to be
the generating function
VR1R2R3(p) =
∑
pi
p|pi|
9see for example [11, Def. 1] for a definition of 3D partitions asymptotic to a triple of 2D
partitions. Also, A′ denotes the partition conjugate to A, see § 4.
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where the sum is over all 3D-partitions asymptotic to (R1, R2, R3) [11, Def. 2],
[31]. Then by the proposition we obtain
Z(F̂ban) =
∑
R1R2R3
(−Q1)
|R1|(−Q2)
|R2|(−Q3)
|R3|p
1
2
∑3
i=1 ||Ri||
2+||R′i||
2
VR1R2R3(p)VR′1R′2R′3(p)
=M(p)2
∑
R1R2R3
(−Q1)
|R1|(−Q2)
|R2|(−Q3)
|R3|V˜R1R2R3(p)V˜R′1R′2R′3(p)
where
V˜R1R2R3 =M(p)
−1p
1
2
(||R1||2+||R′2||
2+||R3||2)VR1R2R3
is the normalized vertex. The main result of § 4 (Theorem 25) then asserts:
Z(F̂ban) =
∏
ai≥0
∏
k∈Z,
k>0 if a=0
(
1−Qa11 Q
a2
2 Q
a3
3 p
k
)−c(||a||,k)
.
This formula, along with equation (5) then proves Theorem 4.
3.8. Analysis of C∗ ×C∗-fixed subschemes. The goal of this section is to prove
Propostion 23.
To analyze the action of C∗×C∗ on F̂ban and determine the C
∗×C∗ invariant
subschemes, we obtain an explicit toric description of F̂ban using the following
proposition. Informally, the proposition says that
(1) Fban is obtained from Bl(P
1 × P1), the blow up of P1 × P1 at the points
(0, 0), (∞,∞), by gluing the three pairs of disjoint boundary divisors to
each other in normal crossings.
(2) F̂ban is obtained from ̂Bl(P1 × P1), the formal neighborhood of Bl(P
1 ×
P1) inside the total space of its canonical bundle, by an etale´ gluing (which
restricts to the normal crossing gluing of Bl(P1 × P1)).
(3) The gluing is C∗ × C∗ equivariant.
Let Fsing ⊂ Xsing be the image of Fban under the blowupXban → Xsing. Let
σ : F normsing → Fsing, τ : F
norm
ban → Fban
be the normalizations. Define F̂ normban to be the formal scheme given by the ringed
space (F normban , τ
∗ÔF̂ban).
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Proposition 24. Then the following hold
(1) F normsing
∼= P1 × P1.
(2) F normban
∼= Bl(P1 × P1), the blowup of F normsing at the two points (0, 0) and
(∞,∞) (c.f. [1, Fig 4]).
(3) F̂ normban
∼= ̂Bl(P1 × P1), the formal neighborhood of Bl(P1 × P1) viewed as
the zero section inTot(KBl(P1×P1)), the total space of its canonical bundle.
(4) The induced map F̂ normban
τ˜
−→ F̂ban is etale´.
(5) All of the above maps are C∗ × C∗ equivariant.
These results are summarized in the following diagram:
F̂ban F̂
norm
ban
̂Bl(P1 × P1)
Xban Fban F
norm
ban Bl(P
1 × P1) Tot(KBl(P1×P1))
Xsing Fsing F
norm
sing P
1 × P1
formal
neighborhood
τ̂
etale´
∼=
formal
neighborhood
τ
normalization
∼=
Blow up (0, 0) and (∞,∞)
σ
normalization
∼=
Proof. The proof of this proposition is primarily based on computations in formal
local coordinates. We give the details in Section 5.2. 
Using the equivariant etale´ morphism
τˆ : F̂ normban → F̂ban
provided by the lemma, we may study C∗ × C∗-invariant subschemes of F̂ban by
studying C∗ × C∗-invariant of F̂ normban satisfying the decent condition. Since the
only proper, invariant subschemes of
KBl := Tot
(
KBl(P1×P1)
)
are supported on F̂ normban ⊂ KBl, we may consider torus invariant subschemes of the
toric threefold KBl and use the method of MNOP [28] to count such subschemes
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— subject to the condition that such subschemes descend under the etale´ relation
given by τˆ .
A torus invariant subscheme of a toric Calabi-Yau threefold is determined by
combinatorial data attached to its web diagram, a trivalent planar graph (which
includes non-compact edges). Namely, each edge is labelled by a 2D partition
and each vertex is labelled by a 3D partition which is asymptotic to the three 2D
partitions given by the incident edges (see [28] or also [10, §3 and §B]). The web
diagram of KBl is a hexagon with 6 additional non-compact edges (the graph on
the right in Figure 5.2). The etale´ relation identifies the six vertices to two distinct
vertices corresponding to the points {p, q} in the banana configuration. The rela-
tion also identifies the edges to three distinct edges corresponding to the curves
C1, C2, C3 in the banana configuration. Each C
∗×C∗ invariant subscheme is thus
determined by three 2D partitions R1, R2, R3 and two 3D partitions π1, π2. The
quantaties di(P ), χ(OZP ), and (−1)
dimTP are computed by MNOP in terms of
the combinatorial data associated to the fixed point P for toric Calabi-Yau three-
folds. Their computation applies in our setting (of a formal Calabi-Yau threefold)
as well. Their proofs are based on computing with the Cech open cover given by
the C3 coordinate charts, but we can equally well use the Cech cover obtained
by intersecting the toric open cover on KBl with the formal neighborhood of the
banana configuration, and then identifying via the etale´ relation. The proof that
fixed points are isolated [28, Lemma 6], the computation of the degree and Euler
characteristic [28, §4.4], and the computation of the parity of the dimensional of
the tangent space [28, Thm 2] all work with this more general Cech cover.
Applying the formulas of MNOP is then straightforward. The formulas in
our Proposition 23 follow directly from the formulas in [28, §4.4] (in particular
Lemma 5), [28, Theorem 2], and the fact that
∑
(i,j)∈R
(i+ j + 1) =
1
2
(||R||2 + ||R′||2).
This completes the proof of Proposition 23.
4. THE VERTEX CALCULATION
Let
V˜R1R2R3(p) = sR′3(p
−ρ)
∑
A
sR′1/A(p
−R3−ρ)sR2/A(p
−R′3−ρ)
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be the normalized vertex and let (see section 3.7)
Z(F̂ban) = M(p)
2
∑
R1,R2,R3
(−Q1)
R1(−Q2)
R2(−Q3)
R3V˜R1R2R3(p)V˜R′1R′2R′3(p)
whereM(p) =
∏∞
m=1(1− p
m)−m.
The purpose of this section is to prove the following.
Theorem 25.
Z(F̂ban) =
∏
ai≥0
∏
k∈Z,
k>0 if a=0
(
1−Qa11 Q
a2
2 Q
a3
3 p
k
)−c(||a||,k)
where c(a, k) is given by Proposition 12.
Most of this computation has previously appeared in the physics literature un-
der the guise of geometric engineering (in this case a duality between a certain
six dimensional U(1) gauge theory and a certain topological string theory). The
main reference is Hollowood-Iqbal-Vafa [19]. This calculation was also studied
in [25]. These computations assumed an equality between the generating function
for the equivariant elliptic genera of Hilbn(C2), and the orbifold equivariant ellip-
tic genera of Symn(C2) which they call the DMVV conjecture (after [15]). This
is an instance of the crepant resolution conjecture for elliptic genera, proven in the
compact case by Borisov-Libgober [7] and the equivariant case by Waelder [38].
We give the derivation here in full detail. We have filled in some minor details
that are missing from the previous accounts and have collected all the needed
results in one place.
4.1. Overview of computation. After collecting some standard Schur function
identities and proving a few new ones in the next subsection, we proceed to the
main computation. The basic structure is as follows.
(1) Writing
Z ′ban =M(p)
−2Z(F̂ban) =
∑
R
(−Q3)
|R|ZR(Q1, Q2, p)
we use a series of Schur function identities to simplify ZR and write it as
a product
ZR = Zprod · Zhook,R
where Zprod is a product of terms which do not depend on R and Zhook,R
is also a product of terms which depend on the hook-lengths of R.
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(2) We observe that after the change of variables
(6) Q1 = y, Q2 = y
−1q, Q3 = y
−1Q, p = t
the product Zhook,R is exactly the contribution of a C
∗-fixed point to the
computation of
∞∑
n=0
Ellq,y(Hilb(C
2), t)Qn,
the elliptic genera of the Hilbert schemes, via Atiyah-Bott localization.
Here λ ∈ C∗ acts on the factors of C2 with opposite weights and t is the
equivariant parameter.
(3) An product formula for
∑∞
n=0Ellq,y(Hilb(C
2), t)Qn was conjectured by
Dijkgraaf-Moore-Verlinde-Verlinde [15], and proven by Borisov-Libgobner
andWaelder [7, 38]. Using that formula, substituting back to theQ1, Q2, Q3, p
variables, and performing a few easy manipulations, we arrive at Theo-
rem 4.
4.2. Notation and Schur function identities. Wewill use capital lettersR,A,B, C,
etc. to denote partitions. Via its diagram, we regard a partition A as a finite subset
of N × N where if (i, j) ∈ A then (i − 1, j) ∈ A and (i, j − 1) ∈ A. The rows
or parts of A are the integers Aj = max{i|(i, j) ∈ A}. We use
′ to denote the
conjugate partition
A′ = {(i, j) : (j, i) ∈ A},
and we write
|A| =
∑
j
Aj , ||A||
2 =
∑
j
A2j ,
For each (i, j) ∈ A we define the hook length :
hij(A) = Ai + A
′
j − i− j + 1.
We write  for the unique partition of size 1.
We also use the notation
M(u, p) =
∞∏
m=1
(1− upm)−m
and the short handM(p) =M(1, p).
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For a collection of variables x = (x1, x2, . . . ) and two partitions A and B
let sA/B(x) = sA/B(x1, x2, . . . ) denote the skew Schur function (see for example
[26, § 5]). Let
ρ =
(
−
1
2
,−
3
2
,−
5
2
, . . .
)
so that for example p−R−ρ is notation for the variable list(
p−R1+
1
2 , p−R2+
3
2 , . . .
)
.
Okounkov-Reshetikhin-Vafa derived a formula for the topological vertex in
terms of skew Schur functions. Translating their formulas [31, 3.20& 3.21] into
our notation, we get:
(7) VR1R2R3(p) = M(p) p
− 1
2
(‖R1‖2+‖R′2‖
2+‖R3‖2) V˜R1R2R3(p)
where we’ve defined
(8) V˜R1R2R3(p) = sR′3(p
−ρ)
∑
A
sR′1/A(p
−R3−ρ) · sR2/A(p
−R′3−ρ).
We will need the following Schur function identities. We remark that the
Schur functions which appear are all Laurent expansions in p or in p−1 of rational
functions in p and many of the identities should be understood as equalities of
rational functions.
From [31, 3.10] we have10
(9) sA/B(p
C+ρ) = (−1)|A|−|B| sA′/B′(p
−C′−ρ).
From [26, pg 45]:
sR(1, p, p
2, . . . ) = pn(R)
∏
(i,j)∈R
1
1− phij(R)
where [26, pg 3] n(R) = 1
2
||R′||2 − 1
2
|R| and so using the homogeneity of sR we
see that
sR(p
−ρ) = p
1
2
||R′||2
∏
i,j∈R
1
(1− phij(R))
10There is a typo in equation 3.10 in [31] — the exponent on the right hand side should be
−ν′ − ρ.
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and so we arrive at
(10) sR(p
−ρ)sR′(p
−ρ) = (−1)|R|
∏
i,j∈R
1
(1− phij(R))(1− p−hij(R))
.
We will also need the following identity [26, pg 93(2)]
(11)
∑
R1
sR1/B(x) sR′1/A(y) =
∞∏
i,j=1
(1 + xiyj)
∑
C
sA′/C(x)sB′/C(y).
Finally we will need the following lemma.
Lemma 26. The following equalities hold as formal power series in u whose
coefficients are rational functions of p.
∞∏
j,k=1
(
1− upRj+R
′
k
−j−k+1
)
= M(u, p)−1
∏
j,k∈R
(
1− uphjk(R)
) (
1− up−hjk(R)
)(12)
∞∏
j,k=1
(
1− up−Rj+Rk+j−k
)
= M(u, p)
∏
j,k∈R
(
1− uphjk(R)
)−1 (
1− up−hjk(R)
)−1
.
(13)
Note that the right hand side of the equations are invariant under p↔ p−1 and so
we get two more identities by replacing p by p−1 on the left hand side of the above
equations.
Proof. Moving the M(u, p) to the left hand side of the first equation and then
taking the log, we get
log
(
M(u, p)
∞∏
j,k=1
(
1− upRj+R
′
k
−j−k+1
))
= log
(
∞∏
j,k=1
(
1− upj+k−1
)−1)
+ log
(
∞∏
j,k=1
(
1− upRj+R
′
k
−j−k+1
))
=
∑
n≥1
un
n
∑
j,k≥1
(
pn(j+k−1) − pn(Rj+R
′
k
−j−k+1)
)
=
∑
n≥1
−
un
n
PR(p
n)
28 JIM BRYAN
where we’ve defined
PR(x) =
∑
j,k≥1
(xRj+R
′
k
−j−k+1 − xj+k−1)
=
(∑
j≥1
xRj−j+
1
2
∑
k≥1
xRk−k+
1
2
)
−
x
(1− x)2
= s(x
R+ρ)s(x
R′+ρ)−
x
(1− x)2
Since by equation (10), we have
s
(
xR+ρ
)
= −s
(
x−R
′−ρ
)
,
we see from the above equation that PR(x) is a sum of two rational functions in
x, each invariant under x ↔ x−1. Moreover, all but a finite number of terms in
the sum ∑
j,k≥1
(
xRj+R
′
k
−j−k+1 − x−j−i+1
)
= PR(x)
cancel and so we deduce that PR(x) is a Laurent polynomial which is invariant
under x ↔ 1/x. Consequently, PR(x) is uniquely determined by its terms with
positive exponents. Since
Rj +R
′
k − j − k + 1 =
{
hjk(R) if (j, k) ∈ R
negative if (j, k) /∈ R
we see that the terms with positive exponent in the above expression for PR are
precisely xhjk(R) where (j, k) ∈ R. Therefore
PR(x) =
∑
j,k∈R
(
xhjk(R) + x−hjk(R)
)
.
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Substituting back, we find
log
(
M(u, p)
∞∏
j,k=1
(
1− upRj+R
′
k
−j−k+1
))
=
∑
n≥1
−
un
n
∑
j,k∈R
(
xhjk(R) + x−hjk(R)
)
=
∑
j,k∈R
log
(
1− uphjk(R)
)
+ log
(
1− up−hjk(R)
)
= log
∏
j,k∈R
(
1− uphjk(R)
) (
1− up−hjk(R)
)
which proves equation (12). To prove equation (13), we observe that since by
equation (10) ∑
k≥1
pR
′
k
−k+ 1
2 = −
∑
k≥1
p−Rk+k−
1
2
so we have
−
∑
j,k≥1
(
x−Rj+Rk+j−k + xj+k−1
)
=
∑
j,k∈R
(
xhjk(R) + x−hjk(R)
)
.
Equation (13) then follows from a similar logarithm argument as we did for equa-
tion (12). 
4.3. The main derivation. Recall that
Z ′ban = M(p)
−2Z(F̂ban)
so that
Z ′ban =
∑
R1R2R3
(−Q1)
R1(−Q2)
R2(−Q3)
R3 V˜R1R2R3 V˜R′1R′2R′3 .
We write
Z ′ban =
∑
R
(−Q3)
RZR
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where
ZR =
∑
R1R2
(−Q1)
R1(−Q2)
R2 V˜R1R2R V˜R′1R′2R
= sR(p
−ρ)sR′(p
−ρ)
∑
ABR1R2
(−Q1)
R1(−Q2)
R2 · sR′1/A(p
−R−ρ) · sR2/A(p
−R′−ρ)
· sR1/B(p
−R′−ρ) · sR′2/B(p
−R−ρ)
= sR(p
−ρ)sR′(p
−ρ) ·
∑
ABR2
(−Q2)
R2(−Q1)
B · sR2/A(p
−R′−ρ) · sR′2/B(p
−R−ρ)
·
∑
R1
sR1/B(−Q1p
−R′−ρ) · sR′1/A(p
−R−ρ)
From [26, (2),page 93] we have
∑
R1
sR1/B(x)sR′1/A(y) =
∞∏
i,j=1
(1 + xiyj)
∑
C
sA′/C(x)sB′/C′(y).
Using the above and equation (10) we get
ZR =(−1)
R
∏
i,j∈R
(1− phij(R))−1(1− p−hij(R))−1 ·
∞∏
i,j=1
(1−Q1p
i+j−1−R′i−Rj )
·
∑
ABR2 C
(−Q2)
R2(−Q1)
B · sR2/A(p
−R′−ρ) · sR′2/B(p
−R−ρ)
· sA′/C(−Q1p
−R′−ρ) · sB′/C′(p
−R−ρ).
Using equation (12) from Lemma 26 we get
ZR = HR
∑
C R2
(−Q2)
R2(−Q1)
C ·
∑
A
sR2/A(p
−R′−ρ) · sA′/C(−Q1p
−R′−ρ)
·
∑
B
sR′2/B(p
−R−ρ) · sB′/C′(−Q1p
−R−ρ)(14)
where
HR = (−1)
RM(Q1, p)
−1
∏
i,j∈R
(1−Q1p
hij(R))(1−Q1p
−hij(R))
(1− phij(R))(1− p−hij(R))
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Now using (see [26, 5.10 page 72]
∑
ν
sλ/ν(x)sν/µ(y) = sλ/µ(x, y)
and equation (9), we can rewrite the second and third sums in equation 14 as
∑
A
sR2/A(p
−R′−ρ) · sA′/C(−Q1p
−R′−ρ) = sR2/C′(p
−R′−ρ, Q1p
R+ρ)∑
B
sR′2/B(p
−R−ρ) · sB′/C′(−Q1p
−R−ρ) = sR′2/C(p
−R−ρ, Q1p
R′+ρ).
Substituting back into equation (14) we get
ZR =HR
∑
C,R2
(−Q2)
R2(−Q1)
C · sR2/C′(p
−R′−ρ, Q1p
R+ρ) · sR′2/C(p
−R−ρQ1p
R′+ρ)
=HR
∑
C,R2
(Q1Q2)
R2 · sR2/C′(y,y
′) · sR′2/C(x,x
′)
where
y = {−Q−11 p
−R′−ρ}, y′ = {−pR+ρ}, x = {p−R−ρ}, x′ = {Q1p
R′+ρ}.
We now use [26, page 94, equation (b)] to obtain
ZR = HR
∞∏
i=1
(1−Q1Q2)
−1
·
∏
j,k
(1 +Qi1Q
i
2xjyk) · (1 +Q
i
1Q
i
2x
′
jyk) · (1 +Q
i
1Q
i
2xjy
′
k) · (1 +Q
i
1Q
i
2x
′
jy
′
k)
We deal with each of four factors in the product over j and k using Lemma 26:
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∏
j,k
(1 +Qi1Q
i
2xjyk) =
∏
j,k
(1−Qi−11 Q
i
2 p
j+k−1−R′
k
−Rj )
= M(Qi−11 Q
i
2, p)
−1
∏
j,k∈R
(
1−Qi−11 Q
i
2 p
hjk(R)
) (
1−Qi−11 Q
i
2 p
−hjk(R)
)
∏
j,k
(1 +Qi1Q
i
2x
′
jyk) =
∏
j,k
(1−Qi1Q
i
2 p
−j+k−R′
k
+R′j )
= M(Qi1Q
i
2, p)
∏
j,k∈R
(
1−Qi1Q
i
2 p
hjk(R)
)−1 (
1−Qi1Q
i
2 p
−hjk(R)
)−1
∏
j,k
(1 +Qi1Q
i
2xjy
′
k) =
∏
j,k
(1−Qi1Q
i
2 p
j−k−1+Rk−Rj )
= M(Qi1Q
i
2, p)
∏
j,k∈R
(
1−Qi1Q
i
2 p
hjk(R)
)−1 (
1−Qi1Q
i
2 p
−hjk(R)
)−1
∏
j,k
(1 +Qi1Q
i
2x
′
jy
′
k) =
∏
j,k
(1−Qi+11 Q
i
2 p
−j−k+1+Rk+R
′
j )
= M(Qi+11 Q
i
2, p)
−1
∏
j,k∈R
(
1−Qi+11 Q
i
2 p
hjk(R)
) (
1−Qi+11 Q
i
2 p
−hjk(R)
)
Substituting back we see
ZR = HR ·
∞∏
i=1
M(Qi1Q
i
2, p)
2
(1−Qi1Q
i
2)M(Q
i−1
1 Q
i
2, p)M(Q
i+1
1 Q
i
2, p)
·
∏
j,k∈R
(
1−Qi−11 Q
i
2p
hjk(R)
) (
1−Qi−11 Q
i
2p
−hjk(R)
) (
1−Qi+11 Q
i
2p
hjk(R)
) (
1−Qi+11 Q
i
2p
−hjk(R)
)(
1−Qi1Q
i
2p
hjk(R)
)2 (
1−Qi1Q
i
2p
−hjk(R)
)2
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PuttingHR back in we get
ZR = Zprod · (−1)
R ·
∏
j,k∈R
(
1−Q1p
hjk(R)
) (
1−Q1p
−hjk(R)
)(
1− phjk(R)
) (
1− p−hjk(R)
)
·
∞∏
i=1
(
1−Qi+11 Q
i
2p
hjk(R)
) (
1−Qi+11 Q
i
2p
−hjk(R)
) (
1−Qi−11 Q
i
2p
hjk(R)
) (
1−Qi−11 Q
i
2p
−hjk(R)
)(
1−Qi1Q
i
2p
hjk(R)
)2 (
1−Qi1Q
i
2p
−hjk(R)
)2
= Zprod · (−1)
R ·
∏
j,k∈R
·
∞∏
i=1
(
1−Qi−11 Q
i
2p
hjk(R)
) (
1−Qi−11 Q
i
2p
−hjk(R)
) (
1−Qi−11 Q
i
2p
hjk(R)
) (
1−Qi−11 Q
i
2p
−hjk(R)
)(
1−Qi−11 Q
i−1
2 p
hjk(R)
) (
1−Qi−11 Q
i−1
2 p
−hjk(R)
) (
1−Qi1Q
i
2p
hjk(R)
) (
1−Qi1Q
i
2p
−hjk(R)
)
where we’ve defined
Zprod =M(Q1, p)
−1
∞∏
i=1
M(Qi1Q
i
2, p)
2
(1−Qi1Q
i
2)M(Q
i−1
1 Q
i
2, p)M(Q
i+1
1 Q
i
2, p)
=
∞∏
i=1
M(Qi1Q
i
2, p)
2
(1−Qi1Q
i
2)M(Q
i−1
1 Q
i
2, p)M(Q
i
1Q
i−1
2 , p)
34 JIM BRYAN
We nowmake the variable change given by equation (6), sum over the remain-
ing partition, and write the result in terms of elliptic genera:
Z ′ban =Zprod ·
∑
R
(y−1Q)R
·
∞∏
i=1
∏
j,k∈R
(1− thjkyqi−1)(1− t−hjkyqi−1)(1− thjky−1qi)(1− t−hjky−1qi)
(1− thjkqi−1)(1− t−hjkqi−1)(1− thjkqi)(1− t−hjkqi)
=Zprod ·
∞∑
k=0
Qk Ellq,y((C
2)[k], t)
=Zprod ·
∞∏
n=0
∞∏
m=1
∏
l,k∈Z
(1− tkqnylQm)−c(nm,l,k)
=Zprod ·
∞∏
n=0
∞∏
m=1
∏
l,k∈Z
(1− tkqnylQm)−c(4nm−l
2,k)
where the last three equalities come from equation (1), Theorem 11, and Proposi-
tion 12 respectively.
Returning to the DT variables via
t = p, q = Q1Q2, y = Q1, Q = Q1Q3,
reindexing by
d1 = n+ l +m, d2 = n, d3 = m,
and observing that
||d|| = 2d1d2 + 2d2d3 + 2d3d1 − d
2
1 − d
2
2 − d
2
3 = 4mn− l
2
we find
Z ′ban = Zprod ·
∞∏
d3=1
∞∏
d2=0
∏
d1,k∈Z
(1− pkQd11 Q
d2
2 Q
d3
3 )
−c(||d||,k)
Observing further that when d1 < 0 and d3 > 0, ||d|| = 4d3d1− (d2−d1−d3)
2 <
−1 and so c(||d||, k) = 0, we get
Z(F̂ban) =M(p)
2 · Z ′ban
=M(p)2 · Zprod ·
∞∏
d3=1
∞∏
d2,d3=0
∏
k∈Z
(1− pkQd11 Q
d2
2 Q
d3
3 )
−c(||d||,k)
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Finally we claim that
M(p)2 · Zprod =
∏
(∗)
(1− pkQd11 Q
d2
2 Q
d3
3 )
−c(||d||,k)
where the product is over
(∗) d3 = 0, d1, d2 ≥ 0, and
{
k ∈ Z (d1, d2) 6= (0, 0),
k > 0 (d1, d2) = (0, 0).
Indeed, if d3 = 0, then ||d|| = −(d2 − d1)
2 and by Corollary 13 the product over
(∗) reduces to the terms where
k ∈ Z, (d1, d2) = (d, d− 1), (d− 1, d), (d, d), d > 1
and the special case d1 = d2 = 0, k > 0. Applying Corollary 13 we easily deduce
the above claim.
Substituting the claimed equation back into the previous equation for Z(F̂ban)
then finishes the proof of Theorem 4. 
5. GEOMETRY OF THE BANANA MANIFOLD
In this section we compute the Hodge numbers of the banana manifold Xban,
we show that the fiber classes are spanned by the banana curves C1, C2, C3, and
we prove Proposition 24 which describes the formal neighborhood of the singular
fibers.
Let p : S → P1 be a rational elliptic surface with 12 singular fibers, each
having one node. Let p# : S# → P1 be an isomorphic copy of S and consider the
fibered product
Xsing = S ×P1 S
#.
Xsing is singular at the 12 points where both p and p
# are not smooth, namely at the
product of the nodes. To see that these points are conifold singularities, note that
for each node n ∈ S, and corresponding node n# ∈ S#, there exists formal local
coordinates (x, y), (x#, y#), t about n, n#, and p(n) = p#(n#) ∈ P1 respectively
such that the maps p and p# are given by xy = t and x#y# = t. Consequently,
xy = x#y# is the local equation of Xsing at (n, n
#).
Let ∆ ⊂ Xsing be the divisor given by the diagonal in the fibered product.
From the above local description of the singularities, all of which lie on∆, we see
that
Xban = Bl∆(Xsing),
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the blowup of Xsing along the diagonal is smooth and
Xban → Xsing
is a conifold resolution.
5.1. Relation to the Schoen threefold and the Hodge numbers.
Lemma 27. e(Xban) = 24.
Proof. Since the mapXban → Xsing contracts 12 P
1s to 12 singular points, we can
write the following equation in the Grothendieck group of varieties,
[Xban] = [X
o
sing] + 12[P
1]
where Xosing ⊂ Xsing is the non-singular locus. Since e(−) is a homomorphism
from the Grothendieck group to the integers, we see that e(Xban) = e(X
o
sing)+24.
We claim the Euler characteristic of the fibers of Xosing → P
1 are all zero. The
smooth fibers are E ×E, a product of smooth elliptic curves and hence have zero
Euler characterisitic. The singular fibers have a C∗ × C∗ action constructed in
§ 3.5. The fixed points of the action on the fibers of Xsing → P
1 are exactly the
conifold points and so the action on the fibers ofXosing → P
1 is free. Consequently,
the Euler characteristics of these fibers are zero. The lemma follows. 
The banana manifold is related to the Schoen Calabi-Yau threefold by a coni-
fold transition. This will allow us to compute the Hodge numbers of the banana
manifold in terms of the (well-known) Hodge numbers of the Schoen threefold.
The Schoen threefold can be defined as
XSch ⊂ P
2 × P2 × P1,
the intersection of two generic hypersurfaces of multi-degree (3, 0, 1) and (0, 3, 1).
It is a simply connected Calabi-Yau threefold with h1,1(XSch) = 19 and h
2,1(XSch) =
19.
Proposition 28. Xban is a simply connected Calabi-Yau with h
2,1(Xban) = 8 and
h1,1(Xban) = 20.
Proof. We first show that there is a conifold transition from XSch to Xban. The
generic hypersurface in P2 × P1 of degree (3, 1) is a rational elliptic surface
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S → P1 and consequently the projections of XSch ⊂ P
2 × P2 × P1 onto vari-
ous subfactors realize XSch as a fibered product
XSch = S0 ×P1 S1
where Si → P
1 are distinct generic rational surfaces. We may choose a 1-
parameter family of elliptic surfaces St which interpolates between S0 and S1.
Then the family of threefolds
Xt = S0 ×P1 St
are all Schoen threefolds for t 6= 0 and X0 = Xsing and since Xban → Xsing is
a conifold resolution, we get a conifold transition XSch  Xban. Since conifold
transitions preserve simple connectivity and the Calabi-Yau condition, we see that
Xban is a simply connected Calabi-Yau threefold. The change in h
1,1 through a
conifold transition is determined by the codimension of the family of singular
threefolds inside the full deformation space of the threefold (see [30, § 3.1]). The
family of Schoen threefolds is 19 dimensional: there are the two 8 dimensional
families of rational elliptic surfaces Si → P
1 and the three dimensional family of
isomorphisms between the bases of Si → P
1 required to form the fibered product
S0 ×P1 S1. The locus of such fibered products with
δ = 12
conifold singularities is 8 dimensional: the 12 nodes of S0 and S1 must occur over
the same fibers which implies that S0 ∼= S1 and the isomorphism of the base is the
identity. The codimension σ is thus
σ = 19− 8 = 11.
Following [30, § 3.1], we compute:
h1,1(Xban) = h
1,1(XSch) + δ − σ
= 19 + 12− 11 = 20.
Then since e(Xban) = 24 = 2(h
1,1(Xban)−h
2,1(Xban))we see that h
2,1(Xban) = 8
(in particular, the 8 dimensional space of banana manifolds constructed above is
the whole deformation space). 
Lemma 29. Let C1, C2, C3 be the banana curves in a singular fiber Fsing. Then
Γ = Ker(π∗ : H2(Xban,Z) → H2(P
1,Z)) is spanned by the classes of C1, C2,
and C3.
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Proof. By the previous discussion of the conifold transition, we have that
H2(Xban,Z) ∼= H2(XSch,Z)⊕ Z
where the Z factor is spanned by the exceptional curves of the conifold resolution,
in particular, the exceptional curves are all homologous. Let
p1, p2 : Xban → S
be the projections on to the first and second factors of the fibered product. Then
Γ = Ker(p1)∗ ∪Ker(p2)∗.
This follows since if a connected algebraic 1-cycle in Xban maps to a point in
P1, then by properties of the fiber product, it either maps to a point under p1
or p2. Moreover, it is enough to consider algebraic cycles since H2(Xban,Z) ∼=
H4(Xban,Z) ⊂ H
2,2(Xban) has no torsion and the Hodge conjecture holds for
threefolds.
Let x1, . . . , x12 ∈ P
1 be points corresponding to singular fibers and we label
the banana curves C1(i), C2(i), C3(i) in the singular fiber over xi such that C3(i)
is an exceptional curve for the conifold resolution and C1(i) and C2(i) are such
that
p−1j (pj(C3(i))) = Cj(i) ∪ C3(i), j = 1, 2.
The fibers of pj : Xban → S are all irreducible except for the fibers Cj(i) ∪ C3(i)
for i = 1, . . . , 12. Since the exceptional curves are all homologous, we have a
single class C3 = C3(i) for all i and since the fibers of pj are all homologous we
get
C1(i) + C3 = C1(i
′) + C3, and C2(i) + C3 = C2(i
′) + C3.
Hence we all C1(i) are homologous to a single class C1 and all C2(i) are homol-
ogous to a single class C2 and Γ is spanned by C1, C2, C3.

5.2. Proof of Proposition 24. Let Csing ⊂ S be a singular fiber of S → P
1 and
let C#sing ⊂ S
# be an isomorphic copy so that
Xsing = S ×P1 S
# and Fsing = Csing × C
#
sing.
Csing is a nodal rational curve whose normalization P
1 → Csing identifies the
points 0,∞ ∈ P1 to the nodal point n ∈ Csing. Thus F
norm
sing is isomorphic to
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P1 × P1 and the map F normsing → Fsing identifies 0 × P
1 and ∞× P1 to n × C#sing
and identifies P1 × 0 and P1 × ∞ to Csing × n
#. Note that this map is C∗ × C∗
equivariant with respect to the usual toric action on P1 × P1 and our constructed
action on Fsing.
The formal neighborhood F̂ban is obtained from F̂sing by blowing up the diag-
onal ∆ ⊂ F̂sing. The blow down F̂ban → F̂sing contracts the exceptional P
1 to the
conifold point n × n# and is an isomorphism elsewhere. We study this blowup
and the normalizations in formal local coordinates about n× n#:
Let (x, y) and (x#, y#) be formal local coordinates on S and S# about the
points n and n# such that the maps S → P1 and S# → P1 are given by t = xy
and t = x#y# where t is a formal local coordinate on P1. Moreover, we may
choose the coordinates so that the action of (λ, λ#) ∈ C∗ × C∗ on F̂sing is given
by
(x, y, x#, y#) 7→ (λx, λ−1y, λ#x#, (λ#)−1y#).
Then the formal neighborhood of n× n# ∈ F̂sing is isomorphic to
{xy = x#y#} ⊂ SpecC[[x, y, x#, y#]]
where the closed fiber Fsing ⊂ F̂sing is given by
{xy = x#y# = 0} .
The blowup of F̂sing along the diagonal ∆ = {x = x
#, y = y#} is canonically
isomorphic to the blowup along any of the planes11
{ax = a#x#, a#y = ay#} , (a : a#) ∈ P1.
Choosing (a : a#) = (1 : 0), we get two affine toric charts for the blow up with
coordinate rings given by
C[[x, x#, y, y#]][u]/(x− uy#, x# − uy) ∼= C[[y, y#]][u],
C[[x, x#, y, y#]][v]/(y − vx#, y# − vx) ∼= C[[x, x#]][v].
The coordinate change between the charts is given by
u = v−1, y = vx#, y# = vx
11There are canonically two small resolutions of the conifold singularity xy = x#y#. These
two are given by blowing up any plane given by affine cone over a line in one of the two rulings
of the quadric surface {xy = x#y#} ⊂ P3.
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and the induced (λ, λ#) action is given by
(λx, λ#x#, (λλ#)−1v), (λ−1y, (λ#)−1y#, λλ#u).
The coordinates on the blowup of the formal neighborhood of n× n# ∈ F̂sing
and the corresponding blowdown are encoded in the following momentum “poly-
topes” where the coordinate lines are labelled by their corresponding variables:
x
x#
v
y#
y u
xy
x#
y#
The x and y coordinates about n ∈ S (which correspond to the two branches of
the node in Csing) become local coordinates near 0 and∞ in P
1, the normalization
of Csing.
Thus F normsing and F
norm
ban , when endowed with local coordinate rings given by
σ∗ÔF̂sing and τ
∗ÔF̂ban respectively, have momentum polytopes given by:
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x
x#
y#
y
x
x#
y#
y
y
x#
y#
x
y#
x
x#
y
v
x
x#
y u
y#
x#
x
v
u
y#
y
x
x#
v
y#
u
y
We see that
F normban
∼= Bl(0,0)(∞,∞)(P
1 × P1), F̂ normban
∼= ̂Bl(P1 × P1)
as asserted.
6. BPS INVARIANTS FROM A DONALDSON-THOMAS PARTITION FUNCTION
IN PRODUCT FORM.
The Gopakumar-Vafa invariants (a.k.a. BPS invariants) ngβ(X) can be defined
in terms of Gromov-Witten or Donaldson-Thomas invariants and (conjecturally)
have better finiteness properties. Unlike the Donaldson-Thomas invariants, it is
expected that there are only a finite number of non-zero Gopakumar-Vafa invari-
ants for each curve class β.
One definition of Gopakumar-Vafa invariants, which is equivalent to the usual
one given in terms of Gromov-Witten invariants via the Gopakumar-Vafa formula,
is the following:
Definition-Theorem 30. Let X be any Calabi-Yau threefold and suppose that the
Donaldson-Thomas partition function is given by
(15) Z (X) =
∏
β∈H2(X)
∏
k∈Z
(
1− pkQβ
)−a(β,k)
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for some integers a(β, k) ∈ Z. Then for β 6= 0 ∈ H2(X) and g ∈ Z the
Gopakumar-Vafa invariants ngβ(X) can be defined by the formula∑
g
ngβ(X)
(
y
1
2 + y−
1
2
)2g
=
(
y
1
2 + y−
1
2
)2 ∑
k∈Z
a(β, k) (−y)k.
This is equivalent, assuming the Gromov-Witten/Donaldson-Thomas correspon-
dence, to definingngβ(X) in terms of the Gromov-Witten invariants via the Gopakumar-
Vafa formula.
Remark 31. It is expected that ngβ(X) is zero unless 0 ≤ g ≤ gmax where gmax
is the maximal arithmetic genus of curves in the class β. Note that the left hand
side of the above formula is a palandromic polynomial in y (i.e. invariant under
y ↔ y−1). One can see that the invariants ngβ(X) are well-defined by the above
definition as follows. Any power series Z ∈ Z((p))[[Q]] can be uniquely written
in the form of equation (15) for some collection of integers a(β, k). By a theorem
of Bridgeland [9], the right hand side of equation (15) is a rational function of y,
invariant under y ↔ y−1, possibly having poles at y = −1. Such functions have a
basis given by the functions(
y
1
2 + y−
1
2
)2g
= y−g(1 + y)2g, g ∈ Z
and so the left hand side of (15) is well defined and uniquely determines ngβ(X).
The conjecture that ngβ(X) = 0 if g < 0 is equivalent to the right hand side of (15)
not having a pole.
Proof. The Gopakumar-Vafa formula [17] expresses the reduced Gromov-Witten
potential function F ′(X) of a Calabi-Yau threefold X in terms of conjecturally
integer invariants ngβ(X), which are commonly called Gopakumar-Vafa invariants,
or BPS invariants:
F ′(X) =
∑
g≥0
∑
β 6=0
GW gβ (X)λ
2g−2Qβ =
∑
g≥0
∑
β 6=0
∑
m>0
ngβ(X)
1
m
(
2 sin
mλ
2
)2g−2
Qmβ .
One can re-express the above formula in terms of the partition functionZ ′(X) =
exp (F ′(X)) as follows12 :
Z ′(X) =
∏
β 6=0
∏
m∈Z
(
1−Qβpm
)−∑g≥0 ngβ(X)( 2g−2g−1−m)(−1)m
12This expression essentially appears in [24, eqn 18], although our convention for
(
n
k
)
allows
us to write the formula more uniformly.
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where p = exp (iλ) and
(
n
k
)
= n(n−1)···(n−k+1)
k!
is defined for all k ≥ 0 and n ∈ Z.
The Donaldson-Thomas partition function can always be written in the fol-
lowing form
Z (X) =
∏
β
∏
m∈Z
(
1−Qβpm
)−c(β,m)
for some c(β,m) ∈ Z. Then for β 6= 0,
c(β,m) =
β∑
n=0
ngβ(X)
(
2g − 2
g − 1−m
)
(−1)m.
The Definition-Theorem is then an easy consequence of the binomial theorem.

APPENDIX A. THE GROMOV-WITTEN POTENTIALS ARE SIEGEL MODULAR
FORMS (WITH STEPHEN PIETROMONACO)
A.1. Overview. Let Fg(Q1, Q2, Q3) be the genus g ≥ 2 Gromov-Witten poten-
tial for fiber classes inXban. Namely, let
Fg(Q1, Q2, Q3) =
∑
d1,d2,d3≥0
GW g
d
(Xban)Q
d1
1 Q
d2
2 Q
d3
3
where GW g
d
(Xban) is the genus g Gromov-Witten invariant of Xban in the class
βd = d1C1 + d2C2 + d3C3.
Assuming that the Gromov-Witten/Donaldson-Thomas correspondence con-
jectured in [28] holds, we may compute Fg(Q1, Q2, Q3) using the formula for the
Donaldson-Thomas partition function derived in the main text. The main result
of this appendix is that Fg is an explicit genus 2 Siegel modular form of weight
2g − 2.
Definition 32. Let Ω = ( τ zz σ ) ∈ H2 be the standard coordinates on the genus
2 Siegel upper half plane. A holomorphic (resp. meromorphic) genus 2 Siegel
modular form of weight k is a holomorphic (resp. meromorphic) function F (Ω)
satisfying
F
(
(AΩ+B)(CΩ +D)−1
)
= det
(
(CΩ +D)k
)
F (Ω)
for all ( A BC D ) ∈ Sp4(Z) (c.f. [16]). We denote the space of meromorphic genus 2
Siegel forms of weight k by Siegelk.
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As we will detail in § A.2, a standard way to construct a genus 2 Siegel mod-
ular form of weight 2g − 2 is to take the so-called Maass lift of a Jacobi form of
weight 2g − 2 and index 1. Moreover, such Jacobi forms are easily obtained by
taking a modular form of weight 2g and multiplying it by φ−2,1, the unique weak
Jacobi form of weight −2 and index 1. Some authors call this the Skoruppa lift of
the modular form. Schematically we have
Mod2g Jac2g−2,1 Siegel2g−2
Skoruppa Maass
We call the composition the Skoruppa-Maass lift. It takes weight 2g modular
forms to genus 2, weight 2g − 2, Siegel modular forms13. Our main result is:
Theorem 33. Assume that the Gromov-Witten/Donaldson-Thomas correspondence
holds forXban. Then for g ≥ 2, the genus g Gromov-Witten potentialsFg(Q1, Q2, Q3)
of Xban are meromorphic genus 2 Siegel modular forms of weight 2g − 2 where
Q1 = e
2pii z, Q2 = e
2pii(τ−z), Q3 = e
2pii(σ−z).
Specifically, Fg is the Skoruppa-Maass lift of agE2g(τ), the 2g-th Eisenstein series
times the constant ag =
6|B2g |
g(2g−2)!
where B2g is the 2g-th Bernoulli number.
The ring of holomorphic, even weight, genus 2 Siegel modular forms is a
polynomial ring generated by the Igusa cusp forms χ10 and χ12 of weight 10 and
12, and the Siegel Eisenstein series E4 and E6 of weight 4 and 6 [20, 21]. Although
Fg are meromorphic, the denominators can be determined explicitly:
Corollary 34. For g ≥ 2, the product χg−110 · Fg is a holomorphic Siegel form of
weight 12g − 12.
13This lift is different from the famous Saito-Kurokawa lift which also takes Mod2g to
Siegel2g−2. While both use the Maass lift, the Saito-Kurokawa lift uses a combination of the
Shimura correspondence and a lift studied by Eichler-Zagier to go fromMod2g to Jac2g−2,1 [16].
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This corollary follows from Aoki’s proof of [2, Thm 14]. In terms of the
generators χ10, χ12, E4, E6, the first few potentials are given explicitly as
F2 =
1
240
(
χ12
χ10
)
,
F3 =
−1
60480
(
6 E4 − 5
(
χ12
χ10
)2)
,
F4 =
1
3628800
(
35
2
(
χ12
χ10
)3
−
63
2
(
χ12
χ10
)
E4 + 15 E6
)
,
F5 =
−1
106444800
(
−175
3
(
χ12
χ10
)4
+ 140
(
χ12
χ10
)2
E4 −
200
3
(
χ12
χ10
)
E6 − 14 E
2
4
)
.
Note that the prefactor is given by
Fg(0, 0, 0) =
12B2g−2|B2g|
g(4g − 4)(2g − 2)!
,
the degree 0 genus g Gromov-Witten invariant ofXban. See [34] for details of this
computation.
Remark 35. Theorem 33 has a nice interpretation in terms of mirror symmetry.
The Gromov-Witten potentials are functions of local coordinates on the Ka¨hler
moduli space. Under mirror symmetry, these become coordinates on the complex
moduli space of the mirror. Since the arguments of a genus 2 Siegel modular form
are coordinates on the moduli space of genus 2 curves (or Abelian surfaces), we
expect the complex moduli space of Xˇban, the mirror of the banana manifold, to
contain a subspace isomorphic to the moduli space of genus 2 curves. Indeed, it
has already been observed that the mirror of a local banana configuration should
be a genus 2 curve [1, 18, 36].
Remark 36. We also determine the genus 0 and genus 1 potentials. Up to degree
0 terms (which are unstable for g = 0 or g = 1), F0 is the Skoruppa-Maass lift of
the constant 12 (viewed as a weight 0 modular form) and F1 is the Maass lift of
12℘ · φ−2,1 where ℘ is the Weierstrass ℘-function
14.
A.2. Modular forms and lifts.
14Interestingly, the Jacobi form φ0,1 = 12℘ · φ−2,1 is also equal to
1
2 Ell(K3).
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Definition 37. A weight k modular form is a holomorphic function f(τ) on H =
{τ ∈ C, Im τ > 0} satisfying
• For all ( a bc d ) ∈ SL2(Z)
f
(
aτ + b
cτ + d
)
= (cτ + d)kf(τ),
• f(τ) admits a Fourier series of the form
f(τ) =
∞∑
n=0
anq
n, q = e2piiτ .
We denote the space of weight k modular forms by Modk. We sometimes abuse
notation by writing f(q) for the Fourier expansion of f(τ).
The 2g-th Eisenstein series is given by
E2g(q) = 1−
4g
B2g
∞∑
n=1
∑
d|n
d2g−1qn
where B2g is the 2g-th Bernoulli number. E2g is a modular form of weight 2g for
all g ≥ 2.
Definition 38. A weak Jacobi form of weight k and index m is a holomorphic
function φ(τ, z) on H× C satisfying
• For all ( a bc d ) ∈ SL2(Z)
φ
(
aτ + b
cτ + d
,
z
cτ + d
)
= (cτ + d)ke
2piicmz2
cτ+d φ(τ, z),
• for all u, v ∈ Z,
φ(τ, z + uτ + v) = e−2piim(τu
2+2zu)φ(τ, z),
• and φ admits a Fourier expansion of the form
φ(τ, z) =
∞∑
n=0
∑
l∈Z
cφ(n, l)q
nyl
where q = e2piiτ and y = e2piiz.
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In the case of index m = 1, the Fourier coefficients cφ(n, l) only depend on
4n− l2 and so we will sometimes in this case write
cφ(4n− l
2) = cφ(n, l).
We denote the space of weak Jacobi forms of weight k and indexm by Jack,m. We
sometimes abuse notation by writing φ(q, y) for the Fourier expansion of φ(τ, z).
A basic example is given by φ−2,1 whose Fourier expansion is given by
φ−2,1(q, y) = y
−1(1− y)2
∞∏
n=1
(1− yqn)2(1− y−1qn)2
(1− qn)4
.
Up to a multiplicative constant, φ−2,1 is the unique weak Jacobi form of weight -2
and index 1. We also will use the Weierstrass ℘-function:
℘(q, y) =
1
12
+
y
(1− y)2
+
∞∑
n=1
∑
d|n
d(yd + y−d − 2)qn
and we note that up to a multiplicative constant
φ0,1 = 12 · φ−2,1 · ℘
is the unique weak Jacobi form of weight 0 and index 1.
The product of a weak Jacobi form of weight k and index m with a modular
form of weight n is a weak Jacobi form of k + n and index m. In particular,
multiplication by φ−2,1 defines a map which we call the Skoruppa lift:
Mod2g Jac2g−2,1.
Skoruppa
Definition 39. Let k be even. For m a non-negative integer, the m-th Hecke
operator
Vm : Jack,1 → Jack,m
is given by taking
φ(q, y) =
∞∑
n=0
∑
l∈Z
cφ(n, l)q
nyl
to
(φ|Vm) =
∞∑
n=0
∑
r∈Z
∑
d|(n,r,m)
dk−1cφ
(nm
d2
,
r
d
)
qnyr
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form > 0 and
(φ|V0) = cφ(0, 0)
−Bk
2k
+
∞∑
n=0
∑
r∈Z
r>0 if n=0
∑
d|(n,r)
dk−1cφ
(
0,
r
d
)
qnyr
form = 0.
Definition 40. Let φ ∈ Jack,1 with k even. TheMaass lift of φ is given by
ML(φ) =
∞∑
m=0
(φ|Vm)Q
m.
The following is due to Eichler-Zagier [16] in the case of holomorphic Ja-
cobi forms, and Borcherds [6, Thm 9.3] and Aoki [2] in the case of weak Jacobi
forms15:
Theorem 41. The Maass lift of a weak Jacobi form of weight k > 0 and index 1
is a meromorphic genus 2 Siegel modular form of weight k. If the Jacobi form is
holomorphic, then the Maass lift is also holomorphic. Here Q = e2piiσ, q = e2piiτ ,
and y = e2piiz where ( τ zz σ ) ∈ H2.
We may reformulate the Maass lift in terms of polylogarithms. Let
Lia(x) =
∞∑
n=1
n−axn.
Then a straightforward computation yields the following
Lemma 42. Let φ =
∑∞
n=0
∑
l∈Z cφ(4n− l
2)qnyl ∈ Jack,1 with k even. Then
ML(φ) = cφ(0)
−Bk
2k
+
∑
n,m≥0
∑
l∈Z
l>0 if (n,m)=(0,0)
cφ(4nm− l
2) Li1−k(Q
mqnyl).
A.3. The λ expansion ofEllq,y(C
2, t). Recall from § 2 that the coefficients c(d, k)
are defined by the expansion of the equivariant elliptic genus of C2:
Ellq,y(C
2, t) =
∞∑
n=0
∑
l,k∈Z
c(4n− l2, k) qnyltk.
15We thank H. Aoki and G. Oberdieck for discussion on this point.
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Let t = eiλ. Theorem 4.4 in Zhou [39] gives the expansion of Ellq,y(C
2, t) as a
Laurent series in λ. His result is16
Ellq,y(C
2, eiλ) = λ−2·φ−2,1(q, y)·
(
1 + ℘(q, y)λ2 +
∞∑
g=2
|B2g|
2g(2g − 2)!
E2g(q)λ
2g
)
.
Let
ψ2g−2(q, y) = Coefλ2g−2
[
Ellq,y(C
2, eiλ)
]
so that Zhou’s result can be expressed as
ψ2g−2(q, y) = φ−2,1(q, y) ·

1 g = 0
℘(q, y) g = 1
|B2g|
2g(2g−2)!
E2g(q) g > 1
We observe that ψ2g−2 is a weak Jacobi form of weight 2g−2 and index 1 and
consequently has an expansion
ψ2g−2(q, y) =
∞∑
n=0
∑
l∈Z
c2g−2(4n− l
2)qnyl,
which defines the coefficients c2g−2(d).
Comparing coefficients in the λ and the t expansions of Ellq,y(C
2, t = eiλ) we
get the following fundamental relationship between the coefficients c2g−2(d) and
c(d, l):
(16)
∞∑
g=0
c2g−2(d)λ
2g−2 =
∑
l∈Z
c(d, l)eilλ.
A.4. Gromov-Witten potentials via the GW/DT correspondence.
The GW/DT correspondence is a conjectural equivalence between the Gromov-
Witten and the Donaldson-Thomas invariants of a Calabi-Yau threefold [28]. It
has been proven for a broad class of Calabi-Yau threefolds including complete
intersections in products of projective spaces [32], which unfortunately does not
includeXban.
However, if we assume that the GW/DT correspondence holds for Xban, we
may compute the genus g Gromov-Witten potentials from our formula for the
16 We use the r = 1 case of Zhou’s theorem. Our λ is 2pit in Zhou’s notation (his t is not our
t). There is a typo in his formula: the η(τ) should be η(τ)3.
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Donaldson-Thomas partition function (Theorem 4). We define the reduced genus
g Gromov-Witten potential (for banana curve classes) of Xban by
F ′g(Q1, Q2, Q3) =
∑
d>0
GW g
d
(Xban)Q
d1
1 Q
d2
2 Q
d3
3 .
Here GW g
d
(Xban) denotes the genus g Gromov-Witten invariant in the class βd =
d1C1 + d2C2 + d3C3 and d > 0 means di ≥ 0 and (d1, d2, d3) 6= (0, 0, 0).
The GW/DT correspondence asserts that
∞∑
g=0
F ′g(Q1, Q2, Q3)λ
2g−2 = log
(
ZΓ(Xban)
ZΓ(Xban)|Qi=0
)
under the change of variables p = eiλ.
We now prove Theorem 33. Applying Theorem 4 and using Equation (16), we
get
∞∑
g=0
F ′g(Q1, Q2, Q3)λ
2g−2 = log
∏
d>0
∏
k∈Z
(1− pkQd11 Q
d2
2 Q
d3
3 )
−12c(||d||,k)

=
∑
d>0
∑
k∈Z
12c(||d||, k)
∞∑
n=1
1
n
pnkQnd11 Q
nd2
2 Q
nd3
3
= 12
∑
d>0
∞∑
n=1
1
n
Qnd11 Q
nd2
2 Q
nd3
3
∞∑
g=0
c2g−2(||d||)n
2g−2λ2g−2.
Thus we find that
F ′g(Q1, Q2, Q3) = 12
∑
d>0
c2g−2(||d||)
∞∑
n=1
n2g−3Qnd11 Q
nd2
2 Q
nd3
3
= 12
∑
d>0
c2g−2(||d||) Li3−2g(Q
d1
1 Q
d2
2 Q
d3
3 ).
Substituting
Q1 = e
2piiz = y, Q2 = e
2pii(τ−z) = qy−1, Q3 = e
2pii(σ−z) = Qy−1,
reindexing by
d1 = l + n +m, d2 = n, d3 = m,
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so that ||d|| = 4nm − l2, and noting that d > 0 is equivalent to n,m ≥ 0, l ∈ Z
and l > 0 if n = m = 0, we find that
F ′g(q, y, Q) = 12
∑
n,m≥0
∑
l∈Z
l>0 if (n,m)=(0,0)
c2g−2(4nm− l
2) Li3−2g(Q
mqnyl).
For g > 1, the full genus g Gromov-Witten potential is the reduced potential
plus the constant term:
Fg = GW
g
0
(Xban) + F
′
g.
Using for example the formulas in [28, § 2.1] we know
GW g
0
(Xban) = (−1)
g 1
2
e(Xban)
|B2g| · |B2g−2|
2g(2g − 2)(2g − 2)!
= 12 ·
(
−B2g−2
4g − 4
)
·
(
−|B2g|
g(2g − 2)!
)
.
Examining the y0q0 term of ψ2g−2(q, y) = φ−2,1 ·
|B2g|
2g(2g−2)!
E2g for g > 1 yields
c2g−2(0) =
−|B2g|
g(2g − 2)!
and hence we find
Fg = 12·
c2g−2(0)−B2g−24g − 4 + ∑
n,m≥0
∑
l∈Z
l>0 if (n,m)=(0,0)
c2g−2(4nm− l
2) Li3−2g(Q
mqnyl)
 .
By Lemma 42, the above is exactly the Maass lift of 12ψ2g−2, and hence we find
that Fg is the Skoruppa-Maass lift of agE2g where
ag =
6|B2g|
g(2g − 2)!
.
This completes the proof of Theorem 33.
Remark 43. Note that the proof of the theorem also shows that up to constant
terms, the genus 0 and the genus 1 Gromov-Witten potentials are given by the
Maass lifts of 12φ−2,1 and 12φ−2,1℘ = φ0,1 respectively. Although these are weak
Jacobi forms of index 1, they are not of positive weight, and hence their Maass
lifts are not guarenteed to be Siegel forms. See [34] for a further discussion.
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A.5. Gopakumar-Vafa invariants. In this section we give tables of values of
the Gopakumar-Vafa invariants nga(Xban) for small values of g and a. Since all
values are divisible by 12, we list 1
12
nga(Xban) (which can also be regarded as the
Gopakumar-Vafa invariants of a local banana configuration). We note that the
non-zero values have a congruent to 0 or −1 modulo 4 and so we organize the
tables as such.
1
12
ng4n−1(Xban) g = 0 g = 1 g = 2 g = 3 g = 4 g = 5 g = 6
n = 0 1 0 0 0 0 0 0
n = 1 8 -6 1 0 0 0 0
n = 2 39 -46 17 -2 0 0 0
n = 3 152 -242 139 -34 3 0 0
n = 4 513 -1024 800 -304 56 -4 0
n = 5 1560 -3730 3683 -1912 548 -82 5
1
12
ng4n(Xban) g = 0 g = 1 g = 2 g = 3 g = 4 g = 5 g = 6
n = 0 -2 1 0 0 0 0 0
n = 1 -12 10 -2 0 0 0 0
n = 2 -56 72 -30 4 0 0 0
n = 3 -208 352 -220 60 -6 0 0
n = 4 -684 1434 -1194 492 -100 8 0
n = 5 -2032 5056 -5252 2908 -902 148 -10
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